





























Graphs help students reason about rates of change of functions (M.A2HS.29). In grade eight,
students learned that the rate of change of a linear function is equal to the slope of the graph of
that function. And because the slope of a line is constant, the phrase “rate of change” is clear for
linear functions. For non-linear functions, however, rates of change are not constant, and thus
average rates of change over an interval are used. For example, for the function defined for all
real numbersby ( )= 2, the average rate of change from =2to =5is

G)- () _25-4_21 _

5—-2  5-2 3

This is the slope of the line containing the points (2,4) and (5,25) on the graph of .If s
interpreted as returning the area of a square of side length , then this calculation means that
over this interval the area changes, on average, by 7 square units for each unit increase in the
side length of the square (UA Progressions Documents 2013c, 9). Students could investigate
similar rates of change over intervals for the Juice Can problem shown previously.

Modeling with Functions

Build a function that models a relationship between two quantities.

M.A2HS.33

Write a function that describes a relationship between two quantities. Combine standard
function types using arithmetic operations. (e.g., Build a function that models the
temperature of a cooling body by adding a constant function to a decaying exponential,
and relate these functions to the model.) Instructional Note: Develop models for more
complex or sophisticated situations than in previous courses.

Build new functions from existing functions.

M.A2HS.34

Identify the effect on the graph of replacing f(x) by f(x) + k, k f(x), f(kx), and f(x + k) for
specific values of k (both positive and negative); find the value of k given the graphs.
Experiment with cases and illustrate an explanation of the effects on the graph using
technology. Include recognizing even and odd functions from their graphs and algebraic
expressions for them. Instructional Note: Use transformations of functions to find models
as students consider increasingly more complex situations. Observe the effect of multiple
transformations on a single graph and the common effect of each transformation across
function types.

M.A2HS.35
Find inverse functions. Solve an equation of the form f(x) = ¢ for a simple function f that
has an inverse and write an expression for the inverse. (e.g., f(x) = 2 x3 or f(x) = (x+1)/(x-1)
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for x #1.) Instructional Note: Use transformations of functions to find models as students
consider increasingly more complex situations. Extend this standard to simple rational,
simple radical, and simple exponential functions; connect this standard to M.A2HS.34.

Students in Algebra Il develop models for more complex situations than in previous courses, due
to the expansion of the types of functions available to them (M.A2HS.33). Modeling contexts
provide a natural place for students to start building functions with simpler functions as
components. Situations in which cooling or heating are considered involve functions that
approach a limiting value according to a decaying exponential function. Thus, if the ambient
room temperature is 70 degrees Fahrenheit and a cup of tea is made with boiling water at a
temperature of 212 degrees Fahrenheit, a student can express the function describing the
temperature as a function of time by using the constant function () =70 to represent the
ambient room temperature and the exponentially decaying function () =142 ~ to represent
the decaying difference between the temperature of the tea and the temperature of the room,
which leads to a function of this form: () =70+ 142 ~

Students might determine the constant experimentally (MHM4, MHMS).

Example: Population Growth M.A2HS.33

The approximate population of the United States, measured each decade starting in 1790
through 1940, can be modeled with the following function:

()= (3,900,000 x 200,000,000) 031
~ 200,000,000 + 3,900,000( 03T —1)

In this function, represents the number of decades after 1790. Such models are important
for planning infrastructure and the expansion of urban areas, and historically accurate
long-term models have been difficult to derive.
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Questions:

a. According to this model, what was the population of the United States in the year 1790?
b. According to this model, when did the U.S. population first reach 100,000,000? Explain
your answer.

c. According to this model, what should the U.S. population be in the year 2010? Find the
actual U.S. population in 2010 and compare with your result.

d. For larger values of , such as =50, what does this model predict for the U.S.
population? Explain your findings.

Solutions:
a. The population in 1790 is given by (0), which is easily found to be 3,900,000 because
031(0) — 1.
b. This question asks students to find such that () = 100,000,000. Dividing the numerator
and denominator on the left by 100,000,000 and dividing both sides of the equation by
100,000,000 simplifies this equation to
3.9 x 2 x 031

200 +39( 031 —1) _

1.

Algebraic manipulation and solving for resultin = 0—:1 In50.28 = 12.64. This means that

after 1790, it would take approximately 126.4 years for the population to reach 100 million.
c. Twenty-two (22) decades after 1790, the population would be approximately 190,000,000,
which is far less (by about 119,000,000) than the estimated U.S. population of 309,000,000
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in 2010.
d. The structure of the expression reveals that for very large values of , the denominator is
dominated by 3,900,000 %3 . Thus, for very large values of |,

3,900,000 x 200,000,000 x 031

3900000 07T = 200,000,000.

O)

Therefore, the model predicts a population that stabilizes at 200,000,000 as increases.

Adapted from lllustrative Mathematics 2013m.

Students can make good use of graphing software to investigate the effects of replacing a
function ( )by ()+ , (), ( ),and ( + ) fordifferent types of functions (MHM5). For
example, starting with the simple quadratic function, students see the relationship between
these transformed functions and the vertex form of a general quadratic, ( )= ( — )2+ .
They understand the notion of a family of functions and characterize such function families
based on their properties. These ideas are explored further with trigonometric functions
(M.A2HS.21).

With standard M.A2HS.35, students learn that some functions have the property that an input
can be recovered from a given output; for example, the equation ( ) = can be solved for
given that lies in the range of . Students understand that this is an attempt to “undo” the
function, or to “go backwards.” Tables and graphs should be used to support student
understanding here. This standard dovetails nicely with standard M.A2HS.36 described below
and should be taught in progression with it. Students will work more formally with inverse
functions in advanced mathematics courses, and so standard M.A2HS.36 should be treated
carefully to prepare students for deeper understanding of functions and their inverses.

Modeling with Functions

Construct and compare linear, quadratic, and exponential models and solve problems.
M.A2HS.36

For exponential models, express as a logarithm the solution to a b® = d where a, ¢, and d
are numbers and the base b is 2, 10, or e; evaluate the logarithm using technology.
Instructional Note: Consider extending this unit to include the relationship between
properties of logarithms and properties of exponents, such as the connection between the
properties of exponents and the basic logarithm property that log xy = log x +log y.

Students work with exponential models in Algebra | and continue this work in Algebra Il. Since
the exponential function ( ) = s always increasing or always decreasing for #0, 1, it can
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be deduced that this function has an inverse, called the logarithm to the base , denoted by

( ) =log .The logarithm has the property thatlog = ifandonlyif = | and thisarises
in contexts where one wishes to solve an exponential equation. Students find logarithms with
base equalto 2,10, or by hand and using technology (MHM5). M.A2HS.36 calls for students to
explore the properties of logarithms, such as log =log +log ,and studentsconnect
these properties to those of exponents (e.g., the previous property comes from the fact that the
logarithm represents an exponentand that * = e« ). Students solve problems involving
exponential functions and logarithms and express their answers using logarithm notation
(M.A2HS.36). In general, students understand logarithms as functions that undo their
corresponding exponential functions; instruction should emphasize this relationship.

Trigonometric Functions

Extend the domain of trigonometric functions using the unit circle.

M.A2HS.19

Understand radian measure of an angle as the length of the arc on the unit circle
subtended by the angle.

M.A2HS.20

Explain how the unit circle in the coordinate plane enables the extension of trigonometric
functions to all real numbers, interpreted as radian measures of angles traversed
counterclockwise around the unit circle.

Model periodic phenomena with trigonometric functions.

M.A2HS .21

Choose trigonometric functions to model periodic phenomena with specified amplitude,
frequency, and midline.

Prove and apply trigonometric identities.

M.A2HS.22

Prove the Pythagorean identity sin?8) + cos?(0) = 1 and use it to find sin (8), cos (0), or tan
(), given sin (B), cos (0), or tan (8), and the quadrant of the angle. Instructional Note: An
Algebra Il course with an additional focus on trigonometry could include the standard
“Prove the addition and subtraction formulas for sine, cosine, and tangent and use them to
solve problems.” This could be limited to acute angles in Algebra Il.

This set of standards calls for students to expand their understanding of the trigonometric
functions first developed in Geometry. At first, the trigopnometric functions apply only to angles

in right triangles; sin , cos ,andtan make senseonlyfor0< < > By representing right
triangles with hypotenuse 1 in the first quadrant of the plane, it can be seen that (cos , sin )
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represents a point on the unit circle. This leads to a natural way to extend these functions to any
value of that remains consistent with the values for acute angles: interpreting as the radian
measure of an angle traversed from the point (1,0) counterclockwise around the unit circle, cos

is taken to be the -coordinate of the point corresponding to this rotation and sin  to be the -
coordinate of this point. This interpretation of sine and cosine immediately yields the
Pythagorean Identity: that cos? +sin® = 1. This basic identity yields others through algebraic
manipulation and allows values of other trigonometric functions to be found for a given if one
of the values is known (M.A2HS.19- M.A2HS.20, M.A2HS.22).

The graphs of the trigonometric functions should be explored with attention to the connection
between the unit-circle representation of the trigopnometric functions and their properties—for
example, to illustrate the periodicity of the functions, the relationship between the maximums
and minimums of the sine and cosine graphs, zeros, and so forth. Standard M.A2HS.21 calls for
students to use trigonometric functions to model periodic phenomena. This is connected to
standard M.A2HS.32 (families of functions), and students begin to understand the relationship
between the parameters appearing in the general cosine function ( )= ecos( - )+
(and sine function) and the graph and behavior of the function (e.g., amplitude, frequency, line
of symmetry).

Example: Modeling Daylight Hours
M.A2HS .21

By looking at data for length of days in Columbus, Ohio, students see that the number of
daylight hours is approximately sinusoidal, varying from about 9 hours, 20 minutes on
December 21 to about 15 hours on June 21. The average of the maximum and minimum
gives the value for the midline, and the amplitude is half the difference of the maximum
and minimum. Approximations of these values are setas = 1217 and = 2.83.With
some support, students determine that for the period to be 365 days (per cycle), or for the

frequency to be 3—25 cycles perday, = 3%, and if day O corresponds to March 21, no phase
shift would be needed, so = 0.

Thus, () =12.17+2.83sin % is a function that gives the approximate length of day for

, the day of the year from March 21. Considering questions such as when to plant a garden
(i.e., when there are at least 7 hours of midday sunlight), students might estimate that a 14-
hour day is optimal. Students solve () = 14 and find that May 1 and August 10 mark this
interval of time.
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Students can investigate many other trigonometric modeling situations, such as simple

predator—prey models, sound waves, and noise-cancellation models.
Source: UA Progressions Documents 2013c, 19.

Conceptual Category: Number and Quantity

Polynomial, Rational, and Radical Relationships

Perform arithmetic operations with complex numbers.

M.A2HS.1

Know there is a complex number i such that i? = -1, and every complex number has the
form a + bi with a and b real.

M.A2HS.2
Use the relation i? = -1 and the commutative, associative, and distributive properties to
add, subtract, and multiply complex numbers.

Use complex numbers in polynomial identities and equations.

M.A2HS.3

Solve quadratic equations with real coefficients that have complex solutions. Instructional
Note: Limit to polynomials with real coefficients.

M.A2HS.4
Extend polynomial identities to the complex numbers. For example, rewrite x*> + 4 as (x +
2i)(x — 2i). Instructional Note: Limit to polynomials with real coefficients.

M.A2HS.5
Know the Fundamental Theorem of Algebra; show that it is true for quadratic polynomials.
Instructional Note: Limit to polynomials with real coefficients.
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In Algebra |, students work with examples of quadratic functions and solve quadratic equations,
encountering situations in which a resulting equation does not have a solution that is a real
number— for example, ( — 2)? = —25. In Algebra Il, students complete their extension of the
concept of number to include complex numbers, numbers of the form + ,where isanumber
with the property that 2 = —1. Students begin to work with complex numbers and apply their
understanding of properties of operations (the commutative, associative, and distributive
properties) and exponents and radicals to solve equations like those above, by finding square
roots of negative numbers—for example, V=25 = 25 (—1) = v25++v—1 =5 (MHM?7). They also
apply their understanding of properties of operations and exponents and radicals to solve
equations:

( —2)2 =-25,whichimplies| —2|=5,0or =25,

Equations like these have solutions, and the extended number system forms yet another system
that behaves according to familiar rules and properties (M.A2HS.1- M.A2HS.2; M.A2HS.3—
M.A2HS.5). By exploring examples of polynomials that can be factored with real and complex
roots, students develop an understanding of the Fundamental Theorem of Algebra; they can
show that the theorem is true for quadratic polynomials by an application of the quadratic
formula and an understanding of the relationship between roots of a quadratic equation and the
linear factors of the quadratic polynomial (MHM2).

Conceptual Category: Algebra
Along with the number and quantity standards in Algebra I, the algebra conceptual category
standards develop the structural similarities between the system of polynomials and the system
of integers. Students draw on analogies between polynomial arithmetic and base-ten
computation, focusing on properties of operations, particularly the distributive property.
Students connect multiplication of polynomials with multiplication of multi-digit integers and
division of polynomials with long division of integers. Rational numbers extend the arithmetic of
integers by allowing division by all numbers except zero; similarly, rational expressions extend
the arithmetic of polynomials by allowing division by all polynomials except the zero
polynomial. A central theme of this section is that the arithmetic of rational expressions is
governed by the same rules as the arithmetic of rational numbers.

Polynomial, Rational, and Radical Relationships

Interpret the structure of expressions.
M.A2HS.6
Interpret expressions that represent a quantity in terms of its context.
a. Interpret parts of an expression, such as terms, factors, and coefficients.
b. Interpret complicated expressions by viewing one or more of their parts as a single

" Qg



entity. For example, interpret P(1 + r)" as the product of P and a factor not
depending on P.
Instructional Note: Extend to polynomial and rational expressions.

M.A2HS.7

Use the structure of an expression to identify ways to rewrite it. For example, see x* — y* as
(x%)2 - (y?)? thus recognizing it as a difference of squares that can be factored as (x* — y?)(x*
+y?). Instructional Note: Extend to polynomial and rational expressions.

Write expressions in equivalent forms to solve problems.

M.A2HS.8

Derive the formula for the sum of a finite geometric series (when the common ratio is not
1), and use the formula to solve problems. For example, calculate mortgage payments.
Instructional Note: Consider extending this standard to infinite geometric series in
curricular implementations of this course description.

In Algebra Il, students continue to pay attention to the meaning of expressions in context and
interpret the parts of an expression by “chunking”—that is, viewing parts of an expression as a
single entity (M.A2HS.6— M.A2HS.7). For example, their facility in using special cases of
polynomial factoring allows them to fully factor more complicated polynomials:

S A= (D2(H2=( 2% H(2- D=2+ B+ - ).

- - 2 - - -
In a physics course, students may encounter an expression suchas o 1——;, which arises in the

theory of special relativity. Students can see this expression as the product of a constant ; and
aterm that is equal to 1 when =0 and equal to 0 when = . Furthermore, they might be
expected to see this mentally, without having to go through a laborious process of evaluation.

This involves combining large-scale structure of the expression—a product of § and another
2
term—with the meaning of internal components such as — (UA Progressions Documents 2013b,

4).

By examining the sums of examples of finite geometric series, students can look for patterns to
a-_"h
1-)
with proof by mathematical induction (MHM3) or by other means (M.A2HS.8), as shown in the

following example.

justify why the equation for the sum holds: } _, = . They may derive the formula
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Example: Sum of a Geometric Series M.A2HS.8

Students should investigate several concrete examples of finite geometric series (with #
1) and use spreadsheet software to investigate growth in the sums and patterns that arise
(MHM5, MHMS8).

Geometric series have applications in several areas, including calculating mortgage
payments, calculating totals for annual investments such as retirement accounts, finding
total payout amounts for lottery winners, and more (MHM4). In general, a finite geometric
series has this form:

S o = 1+ + ?2+.+ 1+ )
If the sum of this series is denoted by , then some algebraic manipulation shows that:

— +1

Applying the distributive property to the common factors and solving for shows that:
1-)= @a- ™",
so that:

B (1 _ +1)
= T

Students hone their ability to flexibly see expressionssuchas = o 1+ % as describing

the total value of an investment at 15% interest, compounded monthly, for a number of
compoundings, .Moreover, they can interpret the following equation as a type of geometric
series that would calculate the total value in an investment account at the end of one year if
$100 is deposited at the beginning of each month (MHM2, MHM4, MHM7):

_ 15 1 15 2 15 12
1+ g2+ .+ =100 1+ +100 1+ +..+100 1+

They apply the formula for geometric series to find this sum.

Polynomial, Rational, and Radical Relationships

Perform arithmetic operations on polynomials.
M.A2HS.9
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Understand that polynomials form a system analogous to the integers, namely, they are
closed under the operations of addition, subtraction, and multiplication; add, subtract,
and multiply polynomials. Instructional Note: Extend beyond the quadratic polynomials
found in Algebra I.

Understand the relationship between zeros and factors of polynomials.

M.A2HS.10

Know and apply the Remainder Theorem: For a polynomial p(x) and a number a, the
remainder on division by x —ais p(a), so p(a) = 0 if and only if (x — a) is a factor of p(x).

M.A2HS.11
Identify zeros of polynomials when suitable factorizations are available, and use the zeros
to construct a rough graph of the function defined by the polynomial.

Use polynomial identities to solve problems.

M.A2HS.12

Prove polynomial identities and use them to describe numerical relationships. For
example, the polynomial identity (x* + y?)? = (x* — y?)? + (2xy)? can be used to generate
Pythagorean triples. Instructional Note: This cluster has many possibilities for optional
enrichment, such as relating the example in M.A2HS.10 to the solution of the system u? + v2
=1, v = t(u+l), relating the Pascal triangle property of binomial coefficients to (x +y)™! = (x +
y)(X + y)", deriving explicit formulas for the coefficients, or proving the binomial theorem by
induction.

M.A2HS.13

Know and apply the Binomial Theorem for the expansion of (x + y)" in powers of x and y for
a positive integer n, where x and y are any numbers, with coefficients determined for
example by Pascal’s Triangle. Instructional Note: This cluster has many possibilities for
optional enrichment, such as relating the example in M.A2HS.10 to the solution of the
system u? + v? = 1, v = t(u+1), relating the Pascal triangle property of binomial coefficients to
(x +y)™ = (x + y)(x + y)", deriving explicit formulas for the coefficients, or proving the
binomial theorem by induction.

Rewrite rational expressions.

M.A2HS.14

Rewrite simple rational expressions in different forms; write a(x)/b(x) in the form q(x) +
r(x)/b(x), where a(x), b(x), q(x), and r(x) are polynomials with the degree of r(x) less than
the degree of b(x), using inspection, long division, or, for the more complicated examples,
a computer algebra system. Instructional Note: The limitations on rational functions
apply to the rational expressions.
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M.A2HS.15

Understand that rational expressions form a system analogous to the rational numbers,
closed under addition, subtraction, multiplication, and division by a nonzero rational
expression; add, subtract, multiply, and divide rational expressions. Instructional Note:
This standard requires the general division algorithm for polynomials.

In Algebra Il, students continue to develop their understanding of the set of polynomials as a
system analogous to the set of integers that exhibits particular properties, and they explore the
relationship between the factorization of polynomials and the roots of a polynomial (M.A2HS.9—
M.A2HS.11). It is shown that when a polynomial ( ) is divided by ( — ), () iswritten as

()= ()( = )+ ,where isaconstant. This can be done by inspection or by polynomial
long division (M.A2HS.14). It followsthat ( )= ( )*( — )+ = ( )0+ = ,sothat( —

Yisafactor of ( )ifandonlyif ( )= 0. Thisresultis generally known as the Remainder
Theorem (M.A2HS.10), and provides an easy check to see if a polynomial has a given linear
polynomial as a factor. This topic should not be simply reduced to “synthetic division,” which
reduces the theorem to a method of carrying numbers between registers, something easily done
by a computer, while obscuring the reasoning that makes the result evident. It is important to
regard the Remainder Theorem as a theorem, not a technique (MHM3) [UA Progressions
Documents 2013b, 7].

Students use the zeros of a polynomial to create a rough sketch of its graph and connect the
results to their understanding of polynomials as functions (M.A2HS.11). The idea that
polynomials can be used to approximate other functions is important in higher mathematics
courses such as Calculus, and standard M.A2HS.11 is the first step in a progression that can lead
students, as an extension topic, to constructing polynomial functions whose graphs pass through
any specified set of points in the plane.

In Algebra Il, students explore rational functions as a system analogous to that of rational
numbers. They see rational functions as useful for describing many real-world situations—for
instance, when rearranging the equation = to express the rate as a function of the time for a

fixed distance , and obtaining = -2. Now students see that any two polynomials can be

divided in much the same way as with numbers (provided the divisor is not zero). Students first
understand rational expressions as similar to other expressions in algebra, except that rational

expressions have the form % for both () and ( ) polynomials. They should have

opportunities to evaluate various rational expressions for many values of , both by hand and
using software, perhaps discovering that when the degree of ( ) is larger than the degree of
(), the value of the expression gets smaller in absolute value as | | gets larger. When students
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understand the behavior of rational expressions in this way, it helps them see rational
expressions as functions and sets the stage for working with simple rational functions.

Example: The Juice-Can Equations M.A2HS.14; M.A2HS.33

If someone wanted to investigate the shape of a juice can of minimal surface area, the
investigation could begin in the following way. If the volume j is fixed, then the
expression for the volume of the canis o= 2 ,where is the height of the canand is
the radius of the circular base. On the other hand, the surface area is given by the
following formula:

This is because the two circular bases of the can contribute 2 2 units of surface area, and
the outside surface of the can contributes an area in the shape of a rectangle with length
equal to the circumference of the base, 2 , and height equal to . Since the volume is
fixed, can be found intermsof : =-%. Then this can be substituted into the equation

for the surface area:

0
2

:2 o +2 2

This equation expresses the surface area as a (rational) function of , which can then be
analyzed.

(Also refer to standards M.A2HS.26 and M.A2HS.35.)

In addition, students are able to rewrite rational expressionsinthe form ()= () ( )+

( ), where () isapolynomial of degree less than ( ), by inspection or by using polynomial

long division. They can flexibly rewrite this expression as 0= ()+ O as necessary—for

) )
example, to highlight the end behavior of the function defined by the expression % To make

working with rational expressions more than just an exercise in the proper manipulation of
symbols, instruction should focus on the characteristics of rational functions that can be
understood by rewriting them in the ways described above (e.g., rates of growth, approximation,
roots, axis intersections, asymptotes, end behavior, and so on).

Modeling with Functions

Create equations that describe numbers or relationships.
M.A2HS.23
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Create equations and inequalities in one variable and use them to solve problems.
Instructional Note: Include equations arising from linear and quadratic functions, and
simple rational and exponential functions.

M.A2HS.24

Create equations in two or more variables to represent relationships between quantities;
graph equations on coordinate axes with labels and scales.

Instructional Note: While functions will often be linear, exponential, or quadratic the types
of problems should draw from more complex situations than those addressed in Algebra I.
(e.g., Finding the equation of a line through a given point perpendicular to another line
allows one to find the distance from a point to a line).

M.A2HS.25

Represent constraints by equations or inequalities, and by systems of equations and/or
inequalities, and interpret solutions as viable or non-viable options in a modeling context.
(e.g., Represent inequalities describing nutritional and cost constraints on combinations of
different foods.) Instructional Note: While functions will often be linear, exponential, or
quadratic the types of problems should draw from more complex situations than those
addressed in Algebra I. For example, finding the equation of a line through a given point
perpendicular to another line allows one to find the distance from a point to a line.

M.A2HS.26

Rearrange formulas to highlight a quantity of interest, using the same reasoning as in
solving equations. (e.g., Rearrange Ohm'’s law V = IR to highlight resistance R.) While
functions will often be linear, exponential, or quadratic the types of problems should draw
from more complex situations than those addressed in Algebra I. For example, finding the
equation of a line through a given point perpendicular to another line allows one to find
the distance from a point to a line. This example applies to earlier instances of this
standard, not to the current course.

Students in Algebra 1l work with all available types of functions to create equations (M.A2HS.23).

Although the functions referenced in standards M.A2HS.24— M.A2HS.26 will often be linear,

exponential, or quadratic, the types of problems should draw from more complex situations than
those addressed in Algebra I. For example, knowing how to find the equation of a line through a
given point perpendicular to another line makes it possible to find the distance from a point to a

line. The Juice-Can Equation example presented previously in this section is connected to
standard M.A2HS.26.
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Polynomial, Rational, and Radical Relationships

Understand solving equations as a process of reasoning and explain the reasoning.
M.A2HS.16

Solve simple rational and radical equations in one variable, and give examples showing
how extraneous solutions may arise. Instructional Note: Extend to simple rational and
radical equations.

Represent and solve equations and inequalities graphically.

M.A2HS.17

Explain why the x-coordinates of the points where the graphs of the equations y = f(x) and
y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions
approximately, e.g., using technology to graph the functions, make tables of values, or find
successive approximations. Instructional Note: Include cases where f(x) and/or g(x) are
linear, polynomial, rational, absolute value, exponential, and logarithmic functions.
Instructional Note: Include combinations of linear, polynomial, rational, radical, absolute
value, and exponential functions.

Students extend their equation-solving skills to those involving rational expressions and radical
equations; they make sense of extraneous solutions that may arise (M.A2HS.16). In particular,
students understand that when solving equations, the flow of reasoning is generally forward, in
the sense that it is assumed a number is a solution of the equation and then a list of
possibilities for is found. However, not all steps in this process are reversible. For example,
although itis true thatif =2,then 2 =4, itisnottruethatif 2=4,then =2 as =-2
also satisfies this equation (UA Progressions Documents 2013b, 10). Thus students understand
that some steps are reversible and some are not, and they anticipate extraneous solutions. In
addition, students continue to develop their understanding of solving equations as solving for
values of suchthat ( )= ( ), now including combinations of linear, polynomial, rational,
radical, absolute value, and exponential functions (M.A2HS.17). Students also understand that
some equations can only be solved approximately with the tools they possess.

Conceptual Category: Geometry
No traditional Algebra Il course would be complete without an examination of planar curves
represented by the general equation 2+ 2+ + + =0.In Algebrall, students use
“completing the square” (a skill learned in Algebra I) to decide if the equation represents a circle
or parabola. They graph the shapes and relate the graph to the equation. The study of ellipses
and hyperbolas is reserved for a later course.

2 0{5



Conceptual Category: Statistics and Probability
Students in Algebra Il move beyond analysis of data to make sound statistical decisions based
on probability models. The reasoning process is as follows: develop a statistical question in the
form of a hypothesis (supposition) about a population parameter, choose a probability model
for collecting data relevant to that parameter, collect data, and compare the results seen in the
data with what is expected under the hypothesis. If the observed results are far from what is
expected and have a low probability of occurring under the hypothesis, then that hypothesis is
called into question. In other words, the evidence against the hypothesis is weighed by
probability (M.A2HS.38— M.A2HS.39) [UA Progressions Documents 2012d]. By investigating simple
examples of simulations of experiments and observing outcomes of the data, students gain an
understanding of what it means for a model to fit a particular data set (M.A2HS.39). This includes
comparing theoretical and empirical results to evaluate the effectiveness of a treatment.

Inferences and Conclusions from Data

Summarize, represent, and interpret data on a single count or measurement variable.
M.A2HS.37

Use the mean and standard deviation of a data set to fit it to a normal distribution and to
estimate population percentages. Recognize that there are data sets for which such a
procedure is not appropriate. Use calculators, spreadsheets, and tables to estimate areas
under the normal curve. Instructional Note: While students may have heard of the normal
distribution, it is unlikely that they will have prior experience using it to make specific
estimates. Build on students’ understanding of data distributions to help them see how
the normal distribution uses area to make estimates of frequencies (which can be
expressed as probabilities). Emphasize that only some data are well described by a normal
distribution.

Although students may have heard of the normal distribution, it is unlikely that they will have
prior experience using the normal distribution to make specific estimates. In Algebra II, students
build on their understanding of data distributions to help see how the normal distribution uses
area to make estimates of frequencies (which can be expressed as probabilities). It is important
for students to see that only some data are well described by a normal distribution (M.A2HS.37).
In addition, they can learn through examples the empirical rule: that for a normally distributed
data set, 68% of the data lie within one standard deviation of the mean and 95% within two
standard deviations of the mean.
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Example: The Empirical Rule

M.A2HS.37

Suppose that SAT mathematics scores for a particular year are approximately normally
distributed, with a mean of 510 and a standard deviation of 100.

a. What is the probability that a randomly selected score is greater than 610?

b. What is the probability that a randomly selected score is greater than 710?

c. What is the probability that a randomly selected score is between 410 and 710?

d. If a student’s score is 750, what is the student’s percentile score (the proportion of
scores below 750)?

Solutions:

a. The score 610 is one standard deviation above the mean, so the tail area above that is
about half of 0.32, or 0.16. The calculator gives 0.1586.

b. The score 710 is two standard deviations above the mean, so the tail area above that is
about half of 0.05, or 0.025. The calculator gives 0.0227.

c. The area under a normal curve from one standard deviation below the mean to two
standard deviations above the mean is about 0.815. The calculator gives 0.8186.

d. Using either the normal distribution given or the standard normal (for which 750
translates to a z-score of 2.4), the calculator gives 0.9918.

Inferences and Conclusions from Data

Understand and evaluate random processes underlying statistical experiments.
M.A2HS.38

Understand statistics as a process for making inferences about population parameters
based on a random sample from that population. Instructional Note: Include comparing
theoretical and empirical results to evaluate the effectiveness of a treatment.

M.A2HS.39

Decide if a specified model is consistent with results from a given data-generating process,
e.g., using simulation. (e.g., A model says a spinning coin falls heads up with probability
0.5. Would a result of 5 tails in a row cause you to question the model?)

Make inferences and justify conclusions from sample surveys, experiments, and
observational studies.

M.A2HS.40

Recognize the purposes of and differences among sample surveys, experiments, and
observational studies; explain how randomization relates to each. Instructional Note: In
earlier grades, students are introduced to different ways of collecting data and use
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graphical displays and summary statistics to make comparisons. These ideas are revisited
with a focus on how the way in which data is collected determines the scope and nature of
the conclusions that can be drawn from that data. The concept of statistical significance is
developed informally through simulation as meaning a result that is unlikely to have
occurred solely as a result of random selection in sampling or random assignment in an
experiment.

M.A2HS.41

Use data from a sample survey to estimate a population mean or proportion; develop a
margin of error through the use of simulation models for random sampling. Instructional
Note: In earlier grades, students are introduced to different ways of collecting data and
use graphical displays and summary statistics to make comparisons. These ideas are
revisited with a focus on how the way in which data is collected determines the scope and
nature of the conclusions that can be drawn from that data. The concept of statistical
significance is developed informally through simulation as meaning a result that is unlikely
to have occurred solely as a result of random selection in sampling or random assignment
in an experiment. Focus on the variability of results from experiments—that is, focus on
statistics as a way of dealing with, not eliminating, inherent randomness.

M.A2HS.42

Use data from a randomized experiment to compare two treatments; use simulations to
decide if differences between parameters are significant. Instructional Note: In earlier
grades, students are introduced to different ways of collecting data and use graphical
displays and summary statistics to make comparisons. These ideas are revisited with a
focus on how the way in which data is collected determines the scope and nature of the
conclusions that can be drawn from that data. The concept of statistical significance is
developed informally through simulation as meaning a result that is unlikely to have
occurred solely as a result of random selection in sampling or random assignment in an
experiment. Focus on the variability of results from experiments—that is, focus on
statistics as a way of dealing with, not eliminating, inherent randomness.

M.A2HS.43

Evaluate reports based on data. Instructional Note: In earlier grades, students are
introduced to different ways of collecting data and use graphical displays and summary
statistics to make comparisons. These ideas are revisited with a focus on how the way in
which data is collected determines the scope and nature of the conclusions that can be
drawn from that data. The concept of statistical significance is developed informally
through simulation as meaning a result that is unlikely to have occurred solely as a result
of random selection in sampling or random assignment in an experiment.
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In earlier grade levels, students are introduced to different ways of collecting data and use
graphical displays and summary statistics to make comparisons. These ideas are revisited with a
focus on how the way in which data are collected determines the scope and nature of the
conclusions that can be drawn from those data. The concept of statistical significance is
developed informally through simulation as meaning a result that is unlikely to have occurred
solely through random selection in sampling or random assignment in an experiment
(NGA/CCSSO 2010a). When covering standards M.A2HS.41- M.A2HS.42, instructors should focus on
the variability of results from experiments—that is, on statistics as a way of handling, not
eliminating, inherent randomness. Because standards M.A2HS.38- M.A2HS.43 are all modeling
standards, students should have ample opportunities to explore statistical experiments and
informally arrive at statistical techniques.

Example: Estimating a Population Proportion M.A2HS.38- M.A2HS.43

Suppose a student wishes to investigate whether 50% of homeowners in her neighborhood
will support a new tax to fund local schools. If she takes a random sample of 50
homeowners in her neighborhood, and 20 support the new tax, then the sample proportion
agreeing to pay the tax would be 0.4. But is this an accurate measure of the true
proportion of homeowners who favor the tax? How can this be determined?

If this sampling situation (MHM4) is simulated with a graphing calculator or spreadsheet
software under the assumption that the true proportion is 50%, then the student can arrive
at an understanding of the probability that her randomly sampled proportion would be 0.4.
A simulation of 200 trials might show that 0.4 arose 25 out of 200 times, or with a
probability of 0.125. Thus, the chance of obtaining 40% as a sample proportion is not
insignificant, meaning that a true proportion of 50% is plausible.

Adapted from UA Progressions Documents 2012d.

Inferences and Conclusions from Data

Use probability to evaluate outcomes of decisions.

M.A2HS.44

Use probabilities to make fair decisions (e.g., drawing by lots or using a random number
generator). Instructional Note: Extend to more complex probability models. Include
situations such as those involving quality control, or diagnostic tests that yield both false
positive and false negative results.

M.A2HS .45
Analyze decisions and strategies using probability concepts (e.g., product testing, medical
testing, and/or pulling a hockey goalie at the end of a game). Instructional Note: Extend
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to more complex probability models. Include situations such as those involving quality
control, or diagnostic tests that yield both false positive and false negative results.

As in Geometry, students apply probability models to make and analyze decisions. In Algebra I,
this skill is extended to more complex probability models, including situations such as those
involving quality control or diagnostic tests that yield both false-positive and false-negative
results.

Algebra Il is the culmination of the three-course sequence in the Traditional Pathway for
mathematics. Students completing this pathway will be well prepared for advanced mathematics
and should be encouraged to continue their study of mathematics with Trigonometry/Pre-
calculus or other mathematics courses from the Fourth Course Options listed in the West Virginia
College- and Career Readiness Standards, dual credit mathematics courses or courses offered
through WV Virtual School. Policy 2510 requires that, beginning with the 2018-2019 freshman
cohort, all students must be enrolled in a mathematics course during each year of high school.

Common Misconceptions — By Domain

Number and Quantity
e Students often have difficulty differentiating between finding the solution to an
equation such as 2 = 25 and taking the square root of a number. The equation 2 = 25

has two solutions, 5 and -5. Expressions such as v32Zor (—7)2 ask for the “principal”
square root. Asaresult, v32 =3and (-7)2=7

» Student confusion in differentiating between expressions involving the square of a
negative number and the negative of a square, often extend to square roots. Students
may need help in appreciating the Order of Operations in differentiating between the
expressions.

(=57 (55 25

-(5? -6 -5

(-5)2 V25 5



Students may have difficulty when negative exponents involve fractions. Students may
1
incorrectly believe that 16 2 means -4 rather than %.

1
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Algebra

29

Students may have difficulty distinguishing between the terms of an expression and the
variable of an expression. For example, students may reason that the trinomial 3 + +
5 has four terms because the student is counting variable rather than terms. Often
students do not recognize a constant as a term and incorrectly identify the trinomial

4 —2 +7as having two terms.

Students who rely solely on procedures may believe they need multiply the binomials in
an equation such as ( +4)( — 3) = 0 and then factor the resulting expression to solve
for the zeros. Students need to develop an understanding of the concept of the Zero
Factor Property. Students may experience similar confusion in applying the Zero Factor
Property in solving equations suchas5( —7)( +1)=0or6 ( —7)=0.

Students who mistakenly believe that 2+ 2 isequivalentto + , may deduce this
from the misconception that ( + )?is equivalentto 2+ 2

Students who mistakenly equate ( + )?with 2+ 2 orequate ( — )?with 2—

2 have misconceptions regarding the concept of finding the square of a number or
expression. These misconceptions may stem from students’ prior difficulty in
recognizing that (—=5)2  (-5)(-5) 25 orthat—(5)> —(5)(5) -25.

2_
Students who incorrectly equate rational expressions such as % with —2 +9

or —6 —3or 2+2 +9 etc, have difficulty distinguishing between terms and
factors.

Students may demonstrate difficulties in solving the equationv —1= —7. Students
may appropriately decide to square both sides of the equation and write (V' —1)? =
(= 7)? Student error may arise in writing (v —1)?= 2 - 72, demonstrating
misconceptions in squaring binomials (or multiplying) binomials.



The procedure for solving equations and inequalities are so similar. As a result,
students often forget to attend to precision when multiplying and dividing by a negative
number when solving inequalities. Students may correctly solve equations such as

—2 =6 and find its solution to be = —3. Misconceptions arise when students
equate solving the equation with a similar inequality —2 < 6 and incorrectly determine
that < —3. The misconception can be addressed by encouraging students to verify
solutions to equations and to inequalities.

Students often solve rational and radical equations without checking to determine if any
solution may be erroneous. Students should be encouraged to verify solutions.

Functions

Students may erroneously interpret the notation (3) to mean “ 3"
Students often believe that all functions must use the symbols , ,and

When graphing students may confuse the parts of the slope-equation form of a linear
equation. Students may incorrectly determine that the function ( )=2 + g has a

slope of gand a y-intercept of 2. Students may be relying on a procedural

understanding that the y-intercept is always an integer and the slope or — must be a
fraction.

Students often incorrectly assume that the function ( + )where > 0 will resultin
a horizontal shift of the graph units to the right.

Geometry

30

Students often think of congruence as “figures with the same shape and size.” While
this understanding is not incorrect, it is important to that the continually emphasize the
link of congruence with rigid motions and show that rigid motions do in fact produce
“figures with the same shape and size.”

Students may look at scale factor as the distance that is added on to the original

distance. Dilations where the center of dilation is a vertex of a figure can prove
challenging because the sides of the pre-image and image overlap.

Students may have difficulty identifying the relevant sides in relationship to a given
angle, especially If the triangle is not depicted in a typical position where its legs are
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horizontal and vertical. For example, given A below with right angle , students

may struggle to understand thatsin = — andthatsin # —.

A

Students may have difficulty differentiating between the meaning of the statements

A A and A ~A . While A A implies that AB = DE,
A ~A does not imply that AB = DE.
Students often have difficulty differentiating among , , ,and

Statistics and Probability

31

Students often use the word outlier inaccurately, failing to verify that it satisfies the
necessary conditions. Using terms such as unusual feature or data point can help
students avoid using the term outlier when it is not appropriate.

Students commonly believe that any data that is collected should follow a normal
distribution.

Students need to understand that association does not necessarily provide evidence for

cause and effect.








